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Abstract
Some recent work in the theory of 3-manifolds and immersed surfaces indicates that the class of
graph manifolds contains a large number of compact 3-manifolds whose fundamental groups are
not subgroup separable (LERF). Rubinstein and Wang have given a criterion to determine whether
or not a given horizontal surface in a graph manifold is separable (i.e., lifts to an embedded
surface in some finite cover of the manifold). This paper extends the criterion to include some
nonhorizontal surfaces in graph manifolds. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Preliminaries
The concept of residual finiteness and subgroup separability plays an important role
both in group theory and in geometric topology. In the theory of 3-manifolds, this group-
theoretical concept is related to whether an incompressible immersion of a surface into
a 3-manifold can be lifted to an embedding in some finite cover of the manifold. This
idea of going from an immersion to an embedding in a finite-degree covering space is
central in the classical theory of manifolds and can be observed in the pioneering work
of such topologists as Dehn, Waldhausen, and Papakyriakopoulos. In this paper, our main
question is to determine whether or not a given immersed surface in a graph manifold
lifts to an embedded surface in a finite cover of the manifold. Rubinstein and Wang [8]
have given a criterion which solves this question when the surface is horizontal. We will
summarize an attempt to extend this criterion so that it can be used for a larger class of
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surfaces. I would like to thank Peter Scott and J. Hyam Rubinstein for their invaluable
suggestions and advise.
We say that a group G is residually finite (RF) if, given g ∈ G − {1}, there is a
homomorphism φ of G to some finite group such that g /∈ ker(φ). If H is a subgroup
of G, H is called a separable subgroup of G if, given g ∈ G − H , there exists a
homomorphism φ of G to some finite group such that φ(g) /∈ φ(H). G is said to be
subgroup separable (or LERF for Locally Extended Residually Finite) if every finitely
generated subgroup of G is separable. One can verify that a subgroupH of G is separable
if and only if for each g ∈ G − H , there exists a finite-index subgroup G′ of G with
H ⊂ G′ but g /∈ G′. In other words, G′ is a subgroup of G which separates H from an
arbitrary element g not in H . See [9,7,5], etc. for more details and equivalent definitions.
Suppose M is an irreducible compact 3-manifold. An immersion f :S → M of a
connected surface S is said to be incompressible (or the surface S is incompressible) if
the induced map pi1(S) → pi1(M) is injective. In this case, pi1(S) is a subgroup of
pi1(M), and if pi1(S) is separable, then the immersion f lifts to a map homotopic to an
embedding in some finite cover of M . Hence, we will say that an incompressible surface
S is separable if the immersed surface S lifts (up to homotopy) to an embedded surface
in some finite cover of M . It is then immediate that if pi1(M) is subgroup separable,
then every immersed incompressible surface is separable. In fact, a much more general
statement is true; see [9, Lemma 1.4]. In particular, neither S nor M has to be a manifold.
We will use this fact in the proof of Lemma 4.4.
It is known that all surface groups and the fundamental groups of Seifert fiber spaces are
subgroup separable [9]; however, it turns out that not all 3-manifold groups are subgroup
separable; see [2], which gives an explicit description of a 3-manifold Γ with pi1(Γ )
not subgroup separable. [5] examines this graph manifold Γ and surfaces immersed in
it, concluding that there are indeed nonseparable surfaces in Γ . Throughout this paper,
the term graph manifold refers to a union of Seifert fiber spaces (possibly one) with
some boundary tori T glued together in a non-fiber-matching way. Often we denote
such a manifold by the notation M =
⋃
T Mi. The criterion in [8] works for every
horizontal (see the definition in the next section) surface immersed in a graph manifold.
We will carefully state this criterion, give some examples and applications of it, and
prove generalized versions of this separability criterion for graph-manifold groups.
The main result of this article is the following: if M is a “good” graph manifold,
then this criterion for surface separability can be extended for general immersions (as
opposed to horizontal ones only) when M consists of at most two Seifert fiber spaces
(Theorems 4.6 and 4.7) or when the graph Γ (M) of M is a tree (Theorem 4.5). Specific
terms used here will be defined later.
2. Rubinstein and Wang’s criterion
Let M be a compact 3-manifold. For convenience, assume that M and immersed
surfaces S are always orientable. As said before, the subgroup separability of pi1(M)
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would guarantee that every incompressible surface in M is separable. Hence, one can
obtain non-LERF groups geometrically by finding an incompressible, immersed surface
which is not separable in a 3-manifold M .
Suppose M is a graph manifold, denoted M =
⋃k
i=1 Mi, where the Mi are the Seifert
fiber pieces, and f :S →M is a proper immersion. We say S is horizontal if f(S)∩Mi
is transverse to the fibers everywhere (or ∅) for all i. From the theory of least area
surfaces (cf. [3,4]), we know that any 2-sided incompressible immersion is homotopic to
f ′ such that for all i, f ′(S) ∩Mi is horizontal or vertical (or empty).
Definition 2.1. Suppose f :S → M is a pi1-injective horizontal proper immersion into
a graph manifold M =
⋃
T Mi, and assume transversality so that f−1(T ) is a family C
of disjoint simple closed curves c on S. Let γ be an oriented simple closed curve on S,
parametrized by t ∈ [0, 1 ]. As t increases, γ can meet f−1(T ) at c ∈ C. Say at c ⊂ T ,
f(γ) goes from Ti to Tj , which are glued together to form T . Then, define
ρc =
|ti ∩ f(c)|
|tj ∩ f(c)| ,
where ti (and tj) is a regular fiber of Ti (and of Tj).
ρc can be interpreted as follows: since c is wrapped around the two tori Ti and Tj
possibly different number of times, ρc is the ratio of these two “wrapping numbers”.
Clearly, ρc = 1 if the gluing is trivial (fiber-preserving). ρc is referred to as the fiber-
intersection ratio (FIR) of f at c.
If γ intersects C at c1, c2, . . . , ck in that order, then define
sγ =
k∏
i=1
ρci .
sγ is thus the product of the FIRs along γ. We are now ready to state Rubinstein and
Wang’s criterion.
Theorem 2.2. Suppose f :S → M is a pi1-injective proper horizontal immersion of a
compact connected surface S into a graph manifold M = ⋃Mi. Then, S is separable
if and only if sγ = 1 for each oriented simple closed curve γ ⊂ S.
Here, we give a brief sketch of their proof [8] for completeness. As each Mi admits an
S1 action, we may define pi :Si×S1 →Mi by sending (x, t) to tf(x). It is easy to show
that pi is a finite-degree covering map, and Si is lifted to the embedded surface Si×{0}.
Consider also the (infinite) covering q :Ms →M corresponding to pi1(S) ⊂ pi1(M). Note
that Ms ∼= S ×R, and S can be identified with S × {0} ⊂Ms. One can then show ([8,
Lemma 2.4]) that S is separable if and only if q−1(S) has another compact component
other than S × {0} itself (equivalently, infinitely many compact components). The key
trick of the proof is to consider, for each i, the infinite cyclic cover φi :Si×R→ Si×S1
such that qi = q|Si×R = pi · φi and to “chase” a lift of γ carefully by calculating the
degree of covering at each ci. If S is indeed separable, i.e., if there is another compact
20 S. Matsumoto / Topology and its Applications 93 (1999) 17–33
component S of q−1(S) in Ms, then some action t ∈ Z on Ms lifts S1 × {0} to
S1 = S ∩M1 at some level k1 ∈ Z in S1 × R. By calculating the covering degrees on
both sides of the gluing, one can find the level k2 (of S2 ×R) to which S1 is glued. As
the lift of γ goes around, clearly it must come back to the same level k1. But each time
it “jumps” at ∂Si, the level changes by the factor ρci . Hence, the existence of a compact
component S is equivalent to the product
∏
ρci = sγ being 1.
We now show some applications of this theorem. [8] gives an example of a nonsepa-
rable surface with boundary, followed by a remark stating that its double gives a closed
surface which is nonseparable. Here, we give a simple example of a closed nonseparable
surface.
Example 2.3. Let M1 = M2 = (T 2−D2)×S1, and let M = M1∪hM2 with the gluing
map on T = ∂Mi defined by(
1 1
0 1
)
.
Let F be the closed orientable surface of genus 5 with f−1(T ) being the two disjoint
circles c1, c2 in Fig. 1. The coordinates of c1 are (1, 1) on ∂M1 and (2, 1) on ∂M2; the
coordinates of c2 are (3,−1) on ∂M1 and (2,−1) on ∂M2. Note that these coordinates
match up under the gluing map. Lemma 2.2 of [8] gives a condition which guarantees that
these coordinates indeed represent the boundary components of connected incompressible
surfaces properly and horizontally immersed in these Seifert fiber pieces. Hence, F is
a connected horizontal surface in M . Let γ be the oriented simple closed curve shown
in Fig. 1. Then,
sγ =
1
2
· 23 =
1
3 6= 1.
Fig. 1. A nonseparable surface.
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Hence, F is not separable in M by Theorem 2.2, and
pi1(M) = (F2 × Z) ∗Z⊕Z (F2 × Z)
with this amalgamation is not subgroup separable.
In [5] and [8], several examples of orientable nonseparable surfaces with boundary are
given. They are immersed properly in 3-manifolds with boundary. [8] further presents a
nongraph manifold containing a nonseparable surface, although the idea is similar and
M is still toroidal. An important open question then is whether there is any atoroidal
manifold containing a nonseparable surface.
3. Nonhorizontal surfaces
We now move on to generalize Theorem 2.2 to consider surfaces that have vertical parts
as well. Suppose f :S →M is a pi1-injective proper immersion of a compact connected
orientable surface S into a compact graph manifold M =
⋃
T Xi. Furthermore, without
loss of generality, suppose f is a least area map in its homotopy class. Then, f−1(T ) is
a 1-manifold, a collection of essential circles in S. We will refer to each component of
S\f−1(T ) as a piece. By an earlier remark, each piece is either horizontal or vertical in
some Xi. Let HS be the union of all horizontal pieces of S and VS be the union of all
vertical pieces of S for the given map f . Thus, VS and HS are subsurfaces (they may
not be connected) of S, and S = VS ∪HS . Notice that if Si is a vertical piece of S, all
of its adjacent pieces must be horizontal since no gluing on T preserves vertical fibers.
Note too that Rubinstein and Wang’s criterion applies only if S = HS since sγ is not
even defined on VS .
Recall that a 2-dimensional orbifold is said to be good if its universal-covering orbifold
is a manifold and bad otherwise. The only bad orientable closed 2-orbifolds are S2(p)
and S2(p, q), where p 6= q (see [10]). If B is a 2-orbifold with nonempty boundary, we
denote by B′ the closed 2-orbifold obtained by adding discs to all its boundary circles.
Lemma 3.1. Let B be a compact 2-dimensional orbifold such that B′ is good. Then,
there exists a surface (i.e., without cone points) F which is a finite cover of B such that
each component of ∂F projects down to a component of ∂B by homeomorphism.
Proof. Every good closed 2-orbifold is finitely covered by a surface [10], so let F ′ be a
surface finitely covering B′. All the discs lift to F ′ still as discs, so now remove them,
and call the surface F . F is clearly a finite cover of B, and each component of ∂F
covers a component of ∂B by degree 1 (by homeomorphism) as desired. 2
Another useful lemma is the following.
Lemma 3.2. Suppose F is a nonplanar compact surface with ∂F 6= ∅, and d > 1 is
an integer. Then, there is a connected degree-d regular cover F of F such that each
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component of ∂F covers a component of ∂F by homeomorphism. Hence, the pre-image
of a component of ∂F consists of d disjoint circles.
Proof. Let b1, b2, . . . , bn ∈ pi1(F ) represent the boundary circles of F . Since F is not
planar, pi1(F ) can then be presented as
pi1(F ) =
〈
α1, β1, . . . , αm, βm, b1, . . . , bn
∣∣∣∣ m∏
i=1
[αi, βi] =
n∏
j=1
bj, m, n > 1
〉
.
Define a homomorphism φ :pi1(F ) → Zd by sending α1 to a generator of Zd and all
other generators to 0. Note that φ is a well-defined homomorphism onto Zd, and ker(φ)
defines a regular degree-d cover F of F , and each component of ∂F projects down to a
component of ∂F with degree 1 since φ(bj) = 0 for all j. 2
Notice that the last two lemmas have some restrictions on B and F , respectively. To
characterize the type of graph manifolds to which the next lemma can apply, we could
define a Seifert fiber space X with boundary to be bad if its base orbifold B is planar
and B has less than 3 cone points or exactly 3 cone points with multiplicities (2, 2, n)
(for some n) or (2, 3, k), where k = 3, 4, or 5. X is said to be good if it is not bad, and
a graph manifold M =
⋃
T Xi is called good if all the Xi are good Seifert fiber spaces.
We now state and prove a technical but crucial lemma which will be used to construct
a finite covering space M of M in the next section.
Lemma 3.3. Suppose X is a good Seifert fiber space and T is a boundary torus of X ,
and let ρ :T ′ → T be a covering of T by another torus T ′. Then, there exists a finite
covering space X of X such that ∂X consists of the following two types of tori Ti only:
(1) pi1(Ti) = pi1(T ′) as subgroups of pi1(T ); or
(2) pi1(Ti) is the pZ⊕ pZ subgroup (for some p ∈ Z+ determined by T ′) of Z⊕ Z,
the fundamental group of the boundary torus covered by Ti.
In fact, one can construct X so that ∂X contains both of these types.
Remark. We will call pZ⊕pZ the characteristic-p2 subgroup of Z⊕Z. This terminology
is consistent with its use in group theory, where a characteristic subgroup of a group G
is a subgroup invariant under all automorphisms of G. It is a much stronger condition
than being a normal subgroup. This subgroup of index p2 will be quite useful since a
gluing homeomorphism on T will lift naturally if each of the two tori Ti to be glued
together represents the characteristic-p2 subgroup of the fundamental group of the torus
it covers.
Proof. ρ :T ′ → T is a finite regular covering, so there is a finite abelian group A and a
homomorphism φ such that φ :pi1(T )→ A. Denote the base orbifold of X by B. T is a
component of ∂X , so pi1(T ) is generated by u ∈ pi1(∂B) and t, representing a regular
fiber of ∂X . Let φ(u) = a1, φ(t) = a2, where ai (i = 1, 2) is an element in A of
order ki. The proof is now subdivided into 3 steps; at each step we will build a finite
cover of X based on the previous step.
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Step 1. Add discs to ∂B to obtain B′ as before. B′ is bad if and only if B′ = S2(p)
or S2(p, q), with p 6= q. So if B′ is bad, then B must be planar with 1 or 2 cone points.
This contradicts our assumption that X is good. Hence, B′ is good, and we can apply
Lemma 3.1 to get a surface F , a finite cover of B such that each component of ∂F
projects homeomorphically onto a component of ∂B. We do this to eliminate the cone
points of B. Further, we claim that F is nonplanar. F is a covering space for B, so if F
were planar, then B′ would be covered by S2 (see the construction of F from B′ in the
proof of Lemma 3.1). Then, B′ must be either S2, S2(p, p), or S2(p, q, r), where the
three integers p, q, r are the ones which make X a bad Seifert fiber space. All these
cases are avoided since we assume that X is good. Hence, F is not planar.
Suppose that ∂F has m components (m > 1) projecting down to u, a generator of
pi1(T ). For arithmetic reasons, which will be made clear soon, we want to have a large
m. Since F is nonplanar, we can use Lemma 3.2, if necessary, to make a further finite
cover F ′ of F such that
(1) each component of ∂F ′ still covers a component of ∂F (and thus of ∂B) by
homeomorphism, and
(2) the number m of the boundary components of F ′ mapping down to loops repre-
senting u is more than k2, the order of a2 ∈ A. In short, we have a finite cover
pi :F ′ → B with m > k2.
Let n be the total number of components of ∂F ′. Now, let X ′ be the finite cover of X
corresponding to this covering map pi (the regular fiber projects homeomorphically to the
fiber of X). So X ′ is a bundle over F ′, and there are m boundary tori in X ′ covering T
by homeomorphism. At this point, the bundles over some loops on F ′ may not be trivial.
Take the double cover if necessary so that all these bundles become trivial. Then, the
bundles over the 1-skeleton of F ′ (homotopy equivalent to F ′) are trivial, so this new
space will be a product over F ′. So, without loss of generality, assume X ′ = F ′ × S1,
a product.
Step 2. X ′ is a product over the surface F ′, so we have the short exact sequence
1→ Z
t
→ pi1(X ′)→ pi1(F ′)→ 1,
and if g is the genus of F ′,
pi1(X
′) =
〈
t, αk, βk, di | 1 6 i 6 n, 1 6 k 6 g,
∏
[αk, βk] =
n∏
i=1
di, [t, αk] = [t, βk] = [t, di] = 1
〉
,
where the αk and βk generate the free group pi1(F ′), and pi1(∂F ′) is generated by the
di. Now, define φ1 :pi1(X ′) → Zk1 by sending α1 to a generator of Zk1 and all other
generators to 0, as before. Verify that the relations hold in the abelian group Zk1 . Once
again, the kernel of this surjection φ1 defines a connected finite regular cover X ′′ of X ′.
Note that di, t ∈ ker(φ1), so each boundary component of X ′′ still covers a component
of X by a homeomorphism. Each boundary component of X ′ has k1 disjoint pre-images
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in X ′′, so the number of boundary components of X ′′ mapping down to T is now k1m.
Since each boundary circle of F ′ (represented by the di) has k1 distinct lifts in ∂X ′′, we
can denote these lifts of di (1 6 k 6 n) as di1, di2, . . . , dik1 . Each of these represents
one boundary component of X ′′, so altogether X ′′ has nk1 boundary components.
Step 3. Recall that F ′ (and thus X ′) has n boundary components. n is much larger
than k2 since n > m > k2. Now, divide n by k2 in the integer sense, i.e., get an integer
quotient Q with remainder R. So we have Qk2 +R = n, or
n−R = Qk2. (1)
Note R > 1 unless n is a multiple of k2. If this is the case, define R = k2, and
Q = n/k2 − 1, still positive since n > k2. This way, the equation above still holds, and
R is positive. As we will see later, it is essential that R be positive.
We are now ready to define φ2 :pi1(X ′′) → A ⊕ Zk2 , where A is the original finite
abelian group pi1(T )/ ker(φ). Present
pi1(X
′′) =
〈
t, αk, βk, dij | 1 6 i 6 n, 1 6 j 6 k1,
∏
[αi, βi] =
∏
dij , [t, αk] = [t, βk] = [t, dij ] = 1
〉
,
and define φ2 by sending
t 7→ (a2, 0),
αi, βi 7→ (0, 0),
dij 7→ (a1, 0) if 1 6 i 6 R,
dij 7→ (0, 1) if R < i 6 n,
where 1 6 j 6 k1.
Recall that altogether there are nk1 circles on ∂X ′′ labeled dij . By this definition of
φ2, Rk1 of those (positive) are mapped to (a1, 0) and (n−R)k1 of them (also positive)
to (0, 1). Note that by Eq. (1), (n − R)k1 = Qk2k1. Observe that φ2 is consistent with
the original homomorphism φ in that φ(t) = a2 and φ(u) = a1 just as φ2(dij) = (a1, 0)
for 1 6 i 6 R. We see that φ2 is really a well-defined homomorphism of pi1(X ′′) onto
A⊕ Zk2 , for
φ2
(∏
dij
)
= φ2
( ∏
16i6R
dij
)
+ φ2
( ∏
R<i6n
dij
)
=Rk1(a1, 0) +Qk2k1(0, 1)
= (Rk1a1, Qk2k1)
= 0 in A⊕ Zk2 ,
since a1 is of order k1 in A and Qk2k1 ≡ 0 in Zk2 .
We now have a homomorphism φ2 defining a regular finite cover X of X ′′, and ∂X
consists only of two types of tori. First, the pre-images of dij , 1 6 i 6 R, and of
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t generate the fundamental group of those boundary tori that correspond to pi1(T ′) as
φ2(dij) = (a1, 0) for 1 6 i 6 R and φ2(t) = (a2, 0). For i > R, we have φ2(dij) =
(0, 1), of order k2 in A ⊕ Zk2 and φ2(t) = (a2, 0) of order k2, also; therefore, the pre-
images of these in X correspond to characteristic-k22 subgroup (k2Z⊕ k2Z) of pi1(T ) =
Z⊕Z. Hence, X is a finite cover of X with the desired property. Note that both of these
types of tori are present.
The reason we needed a large m is as follows: since k2 > R by Eq. (1), m > k2
implies m > R. This guarantees that we have at least R boundary tori in ∂X ′ covering
T ⊂ ∂X ; lifting these to ∂X ′′, we get Rk1 boundary tori covering T , which is good
since Rk1 is a multiple of k1. Here, we needed to take away R components from the n
boundary components of ∂X ′, leaving Qk2 components, because the number of boundary
tori in ∂X ′′ which do not represent pi1(T ′) must be a multiple of k2. Note that the integer
“p” turned out to be k2. 2
In the next section, we will need the following corollary to the lemma as well as the
lemma itself.
Corollary 3.4. Suppose X is a good Seifert fiber space and p is a positive integer. Then,
there is a finite cover X of X such that ∂X consists of tori Ti with the property that
each pi1(Ti ) is the characteristic-p2 subgroup of the fundamental group Z ⊕ Z of the
base boundary torus of X which Ti covers.
Proof. Apply Lemma 3.3 with T being one boundary component of X and pi1(T ′) =
pZ⊕ pZ. Note that this T ′ makes k2 = p, so the “two types” of tori components will be
one and the same. Hence, all components of ∂X represent the characteristic-p2 subgroup
of their corresponding base torus group. 2
4. Generalizing the criterion
The main goal in this section is to show that Rubinstein and Wang’s criterion (The-
orem 2.2) may be sufficient for any pi1-injective surfaces, not only for horizontal ones.
Precisely, we have the following conjecture.
Conjecture 4.1. Suppose f :S →M is a pi1-injective proper immersion of a connected
compact surface into a graph manifold M =
⋃
T Xi, where the Xi are Seifert fiber
spaces. Let HS be the union of the horizontal pieces of S, as defined in Section 3. Then,
S is separable if and only if sγ = 1 for all oriented simple closed curves γ ⊂ HS .
Roughly, this conjecture claims that the criterion given in Section 2 is true for all
incompressible surfaces. We will not be able to prove this in complete generality, but
some significant generalizations of the criterion will be presented.
We can trivially state and prove the necessity part of Conjecture 4.1 as follows:
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Theorem 4.2. Assume the hypotheses of Conjecture 4.1. If S is separable, then sγ = 1
for all oriented simple closed curves γ ⊂ HS .
Proof. If there is γ ⊂ HS such that sγ 6= 1, then by Rubinstein and Wang’s criterion,
even the component of HS containing γ does not lift to an embedding in any finite cover
of M , let alone the entire surface S. So, S is not separable, and this contradicts the
assumption. 2
Hence, our goal for the remainder of this section is to prove the sufficiency in Con-
jecture 4.1 with some additional assumptions on M . The main idea used in these proofs
is the following two-step construction: first, we build a space M ′ consisting of covering
spaces of the Xi such that M ′ contains S as an embedded surface; then, as M ′ may
have many excess boundary tori, we close them up (“cap off”) so that M ′, with these
additional “parts”, will be a covering space for M . The first of these two steps is possible
for all M . To describe this step more precisely, we introduce the following definition.
Definition 4.3. Let M =
⋃
T Xi be a graph manifold consisting of Seifert fiber spaces
Xi glued along a collection T of tori on ∂Xi. Then, a partial cover M ′ of M is a
connected finite union of covering spaces of some Xi glued along the corresponding
covers of tori in T .
Using this definition, we can now state the following important lemma, which is
basically the first step of our construction.
Lemma 4.4. Suppose, as before, that f :S → M is a pi1-injective proper immersion
of a connected compact surface into a good graph manifold M = ⋃T Xi. Assume, in
addition, that sγ = 1 for every oriented simple closed curve γ ⊂ HS and that VS 6= ∅.
Then, there exists a partial cover M̂χ of M in which S is lifted as an embedded surface
and every boundary component of M̂χ represents a characteristic-p2 subgroup (for some
p) of Z⊕ Z, the fundamental group of the torus it covers (the p are not all the same).
Proof. Since the proof is rather complex and long, we will divide it into two steps: first,
we will get a partial cover M̂ in which S embeds, and in Step 2, we will add more
things to M̂ in order to make M̂χ.
Step 1. As usual, use homotopy and least area to assume that each piece of S is either
horizontal or vertical in the Seifert fiber pieces Xi of M . Recall that S = HS ∪ VS , and
first consider HS . Suppose HS has n connected components, S1, S2, . . . , Sn (so each
Si may consist of several pieces). Then, Rubinstein and Wang’s criterion implies that
for all j (1 6 j 6 n), there exists a partial cover Mj of M consisting of finite covers
of Xi (glued together along boundary tori) in which the subsurface Si of S lifts as an
embedding. We obviously have to “fill in the gaps” created by VS . As mentioned before,
each component Cj of VS consists of exactly one piece of S since all the gluing maps are
non-fiber-matching, making all adjacent pieces horizontal. Further, each Cj is an annulus
(recall that we assume S is orientable) as a proper vertical surface in Xj is δ×S1, where
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Fig. 2. Lifting VS pieces.
δ is a proper arc in the base orbifold Bj of Xj . Here, δ(0) and δ(1) may or may not
be in the same boundary component of Bj , and δ may have a self-intersection. Take
a vertical component Cj immersed in Xj , and let the two boundary curves of Cj be
c0 = δ(0)× S1 and c1 = δ(1)× S1. They are identified with some boundary curves s0
and s1 of horizontal pieces of S. But these curves have been lifted to embedded circles
ŝ0 and ŝ1 in the boundary of some partial cover(s) Mi.
Since each Mi contains only one component Si of HS at this point, if ŝ0 and ŝ1 are
on the same component of ∂Mi, then we should find a finite cover X̂j of Xj in which
c0 and c1 lift to the same boundary component of X̂j . If ŝ0 and ŝ1 are on two distinct
components of ∂Mi or two different partial covers Mi and Mk, then we should find a
finite cover X̂j of Xj such that c0 and c1 lift to two distinct components of X̂j . We will
now treat these two cases separately.
Case 1. Suppose ŝ0 and ŝ1 are on the same component T of ∂Mi. We want to get
a cover X̂j of Xj such that the vertical piece Cj ∼= δ × S1 lifts to an embedding and
both ĉ0 and ĉ1 lift to simple closed curves in T ′ (covering T ), which is determined by
the ŝi. (See Fig. 2(1).) Since δ is a proper arc on Bj and δ(0) and δ(1) are both on T ,
join these two points by an arc β on T . Now, we have a loop δ′ = δ ∪ β. Let H be
the subgroup of pi1(Xj) generated by pi1(T ′) and δ′. H is the fundamental group of the
2-complex T ′ ∪Cj glued along the ĉi, so H ∼= Z×F2. But pi1(Xj) is LERF, so there is
a finite cover X̂j of Xj in which this immersion of the complex lifts to an embedding,
and this cover X̂j has the desired properties.
Case 2. Suppose c0 and c1 need to be lifted to two distinct boundary tori to be correctly
identified with the ŝi. We have two subcases.
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Case 2a. First, assume that both c0 and c1 are on the same torus T of Xj . We want
to make a finite cover X̂j of Xj such that
(1) c0 lifts to ĉ0 in T ′ and c1 lifts to ĉ1 in T ′′, where T ′, T ′′ are given (both cover-
ing T ); and
(2) Cj embeds in X̂j .
Let δ′ be the loop defined in Case 1. (See Fig. 2(2a).) Take the subgroup H of
pi1(Xj) generated by 〈pi1(T ′), pi1(T ′′)δ′〉, where the superscript means conjugation. H
is the fundamental group of the 2-complex T ′ ∪ Cj ∪ T ′′, glued along the ĉi. Again by
the LERF-ness of pi1(Xj), there is a finite cover X̂j in which this complex lifts to an
embedding. So this is a cover with the desired properties.
Case 2b. The only case remaining now is where c0 and c1 are in two distinct tori,
T0 and T1, of ∂Xj . (See Fig. 2(2b).) But a slight modification of the above argument
works here as well. Pick δ(0) as the base point of pi1(Xj) and use δ as the arc by
which you conjugate the elements of pi1(T1) to consider them elements of pi1(Xj). Let
H = 〈pi1(T ′0), pi1(T ′1)〉, and use LERF-ness as before. This shows that we can indeed
obtain X̂j having the complex T ′0 ∪ Cj ∪ T ′1 embedded in it.
In each case, therefore, it is possible to obtain such a cover X̂j . Do this for every
component Cj of VS . By placing these partial covers X̂j in the correct places, i.e., so
that the ĉi are glued to the ŝi by appropriate lift(s) of the gluing map(s), we obtain a
finite partial cover M̂ of M in which the entire S is lifted to an embedded surface.
Step 2. If we are to obtain a cover of M from M̂ , we will need to “cap off” the extra-
neous boundary components of M̂ coming from the covers of the Xi. As a preliminary
step for this procedure, we will now modify these “excess raw edges” to get M̂χ so
that every boundary component of M̂χ will represent a characteristic-p2 subgroup of the
covered tori, as stated in the conclusion of this lemma.
First, we classify all the boundary components of M̂ into a finite number of types
(classes). Of course, all these components are in ∂X̂j for some j. If T1 and T2 are
boundary components of M̂ , we will say that T1 and T2 are of the same type and denote
it T1 ≡ T2 if and only if both of the following conditions hold:
(1) T1 and T2 cover the same torus T ⊂ T , a boundary component of some Xi, which
is glued to T ′ ⊂ T in M (T ′ could even be another boundary component of Xi);
and
(2) pi1(T1) and pi1(T2) are the same subgroup H of pi1(T ).
Denote this type with the pair (T,H). Note that we distinguish (T,H) from (T ′,H),
where T is glued to T ′ in M . Thus, to cap off a boundary component of M̂ of type
(T,H), we need to attach some finite cover of Xj such that T ′ is a component of ∂Xj . It
is clear that ≡ is an equivalence relation on the boundary components of M̂ , so classify
all the boundary components into these types.
Suppose M̂ has m boundary components T1, T2, . . . , Tm of type (T,H) and suppose
T is glued to T ′ ⊂ ∂X1. If H is a characteristic-p2 subgroup of pi1(T ), do nothing.
Otherwise, we need covers of X1 to close up the Ti ⊂ ∂M̂ . Denote the gluing on T
with h :T → T ′, which lifts to h′ :Ti → T ′i . T ′i represents some subgroup of pi1(∂X1),
so by Lemma 3.3, there exists p ∈ Z and a finite cover X1 of X1 such that ∂X1 consists
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of tori representing pi1(T ′i ) and other tori representing the characteristic-p2 subgroup of
pi1(∂X1). If k is the number of tori representing pi1(T ′i ) in ∂X1, find l = LCM(k,m).
Note here that the last sentence of Lemma 3.3, which implies k > 0, is absolutely
essential. Prepare l/m copies of M̂ and l/k copies of X1. Now, the total number of
boundary components of type (T,H) in these copies of M̂ and the total number of
boundary components to be glued to these tori in the copies of X1 are equal (both l), so
we glue all of them via h′. The result is a space M̂1 (still a partial cover of M ) with even
more boundary components but without any tori of type (T,H). This space is connected
as l is the least common multiple, giving just enough pieces to make one connected
space M̂1. This process to cap off one type of boundary tori will be used often, and we
will refer to this as the LCM procedure from now on. Continue this process for each of
the noncharacteristic types and get M̂2, M̂3, . . . . The process will terminate since there
are only finitely many noncharacteristic types and at each step we eliminated one type
without introducing any noncharacteristic type already eliminated. Let M̂χ be the partial
cover obtained when the process stops. M̂χ may be an enormously large partial cover of
M with many boundary components, but all of these components represent characteristic
p2-subgroups. This completes the proof of Lemma 4.4. 2
Let us use the term “characteristic partial cover of M” to refer to any partial cover
of M =
⋃
T Xi whose boundary components represent characteristic-p2 subgroups (for
some p, not all same) as in the lemma above.
Now, the first main extension of Rubinstein and Wang’s criterion is the following
Theorem 4.5. Recall that if M =
⋃
T Xi is a graph manifold, the graph of M , denoted
Γ (M), is the graph whose vertices represent the Xi and whose edges represent T .
Theorem 4.5. Conjecture 4.1 is true if M is good and Γ (M) is a tree.
Proof. The necessity is proved in Theorem 4.2, so suppose that sγ = 1 for every
oriented simple closed curve γ ⊂ HS . We need to show that there is a finite cover M
of M such that f lifts to f¯ :S → M as an embedding. First, use Lemma 4.4 to obtain
M̂χ, a characteristic partial cover of M containing an embedded surface S. All we need
to do is to add some more characteristic partial covers of M to M̂χ in order to obtain a
cover M . We will do this by induction on a number D related to Γ (M).
Each vertex of Γ (M) stands for some Xi. If an edge e joins Xi and Xj , we denote
the edge eij . As Γ (M) is a tree, i 6= j. Now we may modify the way we denoted the
various types (defined in the proof of Lemma 4.4) of the boundary tori of M̂χ. Let T
be the (finite) set of all types (equivalence classes) of the boundary tori to be closed up.
(Note that if M̂χ happens to have boundary tori covering some component(s) of ∂M ,
obviously they do not have to be closed up.) Let τ ∈ T be the type formerly denoted
(T,H). Here, H is a characteristic-p2 subgroup, and T is one of the two tori indicated
by, say, the edge eij . Then, τ can now be denoted by the triplet (i, j, p) of integers, where
T is a boundary component of Xi (i is the first coordinate). In other words, a boundary
torus of type (i, j, p) must be capped off by a torus of type (j, i, p).
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As Γ (M) is a tree, removing the midpoint of the edge eij results in separating Γ (M)
into two components. Let ∆(i, j) denote the component containing Xj after the midpoint
of eij is removed. Let each edge have length 1, and let s(Xn, Xm) be the “distance”
between the vertices Xn and Xm, the length of a shortest path between Xn and Xm in
Γ (M). Define the map d :T→ Z by
d
(
(i, j, p)
)
= max
Xk∈∆(i,j)
s(Xj , Xk).
We will refer to d((i, j, p)) as the degree of the type (i, j, p) although p is really irrelevant
here. Thus, the degree measures how many “more steps” we need to take in adding various
covers of the Seifert fiber pieces to close up the type (i, j, p) tori and the subsequent
types of boundary tori.
Now, suppose that M̂ is any characteristic partial cover of M and T is the set of all
the types of ∂M̂ -tori; define
D(M̂) = max
(i,j,p)∈T
d
(
(i, j, p)
)
.
Despite the fact that Γ (M̂) may not be a tree, D(M̂) is well-defined since the degree
d of a type is measured in Γ (M), not in Γ (M̂). We will use induction on this number
D(M̂) to prove that M̂ can be made into a finite cover of M by adding various covers
of the Seifert fiber pieces of M . If we let M̂ = M̂χ, this inductive argument will prove
the theorem since M̂χ already contains an embedded surface S.
First, suppose D(M̂) = 0. This means that every type (i, j, p) of boundary tori of M̂
can be capped off by adding a degree-p2 cover of Xj without introducing any new types
since Xj is an “end vertex” of Γ (M) and the cover of Xj will have only one type, namely
(j, i, p), of boundary tori. As before, let m be the number of (i, j, p)-type boundary tori
of M̂ , and let k be the number of (j, i, p)-type boundary tori in the appropriate degree-p2
cover Xj of Xj , obtained by applying Corollary 3.4. Use the LCM procedure, using
LCM(m, k), to cap off this one type of the boundary tori of M̂ . The space obtained
is again much bigger than M̂ , and the numbers of other types of boundary tori have
probably increased; however, the point is that the number of types has decreased by 1
as one type has been capped off completely.
Now, there may be other types of degree 0, so take one at a time and repeat this LCM
procedure. Eventually all these types of tori will be capped off completely, and we will
obtain M , a (huge) finite-degree cover of M in which S is embedded.
The induction step is as follows. Suppose that any characteristic partial cover M̂ ′ can
be made into a finite cover of M by adding other partial covers of M when D(M̂ ′) < n,
and suppose D(M̂) = n, n > 1. Pick a type (i, j, p) ∈ T of degree n. As before, this
type needs to be capped off using covers Xj of Xj with the boundary type (j, i, p).
So, using the LCM procedure once again, cap off all the boundary components of type
(i, j, p). Repeat this procedure to cap off all boundary tori of type (i, j, p′) for all p′.
Now, the resulting partial cover, say M̂1, has no more boundary components representing
the type (i, j, p′) ∈ T, for any p′. Since we added covers Xj , M̂1 may have other types
not in the original T for M̂ . But they are of the type (j, k, p′) where Xk (k 6= i)
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is an adjacent Seifert fiber piece to Xj . Note that ∆(j, k) ( ∆(i, j). Now, consider
d = d((j, k, p)). There is a path δ of length d from Xk to some vertex Xe at the end
of Γ (M). But this δ can be extended to δ′ from Xj to Xe in ∆(i, j), of length d + 1.
Hence, d((i, j, p)) > d((j, k, p)); in other words, the new types created by the newly
attached Xj have strictly less degrees than the degree of the type just capped off. Do the
LCM procedure, one at a time, to all the boundary types of degree n, and get a yet larger
characteristic partial cover M̂2. Then, D(M̂2) < n. (In fact, D(M̂2) = n − 1 exactly.)
Therefore, by the induction hypothesis, we know that M̂2 can be made into a finite cover
of M by further additing finite covers of the Xi. This completes the induction step and
the proof of the generalized criterion when Γ (M) is a tree. 2
Finally we present two more generalizations of the criterion.
Theorem 4.6. If M = X1 ∪T X2 (where T is a collection of tori along which X1 and
X2 are glued together) is good, then Conjecture 4.1 is true.
Proof. Γ (M) has two vertices, X1 and X2. Suppose that there are n edges between
them, denoted e1, e2, . . . , en. So each Xi has n tori which are glued; denote those on
X1 as T1, T2, . . . , Tn and the corresponding ones on X2 as T ′1, T ′2, . . . , T ′n in that order.
As before, the necessity of the conjecture is already shown (Theorem 4.2), so suppose
sγ = 1 for all γ ⊂ HS , and obtain M̂χ by Theorem 4.4 in which S is already embedded.
Let σ ∈ Sn denote the permutation (1, 2, . . . , n) of n elements. We know that since Xi
is a Seifert fiber space, there exists a homeomorphism hi of Xi onto itself taking Tj to
Tσ(j). So, hki takes Tj to Tσk(j), or Tj+k(mod n). Apply hki to Xi, i = 1, 2, k = 1, 2, . . . , n,
to get n homeomorphic images of each Xi, where the boundary tori are permuted. Using
these, we can construct n homeomorphic images M̂kχ of M̂χ, where M̂kχ refers to the
space consisting of the hki (Xi), i = 1, 2. M̂kχ then has the property that all the boundary
tori are permuted by hki from the original M̂χ. Let M̂1 be the disjoint union of these n
images of the M̂kχ (M̂nχ = M̂χ, of course).
If M̂χ had no boundary components covering any tori of ∂X1, let M̂1 = M̂2. Oth-
erwise, proceed as follows to obtain M̂2. Suppose M̂χ had m1 boundary components
covering various tori in ∂X1 by degree p21. Then, by the application of the hki , ∂M̂1 has
m1n components of the boundary tori covering tori in ∂X1 by degree p21. In fact, each
type of boundary tori has exactly m1 components in ∂M̂1.
Now, by Corollary 3.4, we know that X2 has a cover X2 such that each boundary
component of it represents the characteristic-p21 subgroup of pi1(T ′i ). Let d1 denote the
degree of this covering. As each boundary component has degree p21 over the base torus,
each component of ∂X2 lifts to d1/p21 = k1 disjoint tori, which can be used to cap off
the tori covering the Ti in M̂1 with degree p21. Let l1 = LCM(m1, k1) and use the LCM
procedure again to cap off all the boundary components of M̂1 covering the tori of ∂X1
with degree p21 simultaneously. Repeat this for all pi present in M̂1. We have now capped
off all the boundary tori of M̂1 covering the tori of ∂X1. Let this new characteristic partial
cover of M be M̂2.
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Now, ∂M̂2 consists of tori covering the T ′i ⊂ ∂X2 only, so we can now do the same
trick to cap off these tori; take the appropriate covers of X1 corresponding to the various
pi represented by ∂M̂2, and use the LCM procedure for every pi, one at a time, using
copies of M̂2 and copies of those covers ofX1. We can eventually cap off all the boundary
components of M̂2 this way to obtain M , a finite cover of M containing the embedded
surface S. Therefore, S is separable in M . 2
Theorem 4.7. If M is a good graph manifold consisting of a single Seifert fiber space
X whose boundary components (not necessarily all of them) are identified in pair(s),
then Conjecture 4.1 is true.
Proof. Suppose M is constructed from X by gluing Ti to T ′i , i = 1, 2, . . . , n. Γ (M) is
a wedge of n circles. Theorem 4.2 shows the necessity, so we will prove the sufficiency
of Conjecture 4.1. Suppose sγ = 1 for all γ ⊂ HS . Get a characteristic partial cover
M̂χ of M with S embedded, as before, by Theorem 4.4. The tori of ∂M̂χ which need
to be capped off are of types (Ti, pj) or (T ′i , pj) for some pj . As in the proof of the
previous theorem, use the homeomorphism h :X → X such that h interchanges Ti and
T ′i , i = 1, . . . , n. Using h, we construct the dual characteristic partial cover M∗χ of M ,
made up of various covers of h(X). ∂M∗χ then has tori of types (T ′i , pj) or (Ti, pj), and
the number of tori in ∂M̂χ of the type (Ti, pj) is equal to that of the tori in ∂M∗χ of
the type (T ′i , pj) for all i, j. Hence, we can glue M̂χ and M∗χ together in the obvious
way (respecting the gluing in M ) to obtain M , a finite cover of M with S embedded
in it. 2
An application of this theorem can be seen in the following:
Example 4.8. Let F be the orientable surface of genus n > 1, and remove the interior of
2 disjoint discs from F to get F ′. M = F ′×S1 is a Seifert fiber space with 2 boundary
tori, say T and T ′. Identify them with the gluing
(0 −1
1 0
)
, swapping the vertical fiber and
the horizontal meridian circle. Let S1 = F ′ × {t} for some t ∈ S1. ∂F ′ is a disjoint
union of 2 horizontal circles on T and T ′, so one can glue vertical pieces S2 and S3 at
these circles such that S2 and S3 join T and T ′, perhaps intersecting themselves or each
other. Take another copy S4 of S1 to close up the surface S1 ∪ S2 ∪ S3. S =
⋃4
i=1 Si
is an immersed surface in M containing 2 horizontal pieces and 2 vertical pieces. As
the two horizontal pieces are isolated, the condition sγ = 1 for all γ ⊂ HS is trivially
true. Hence, S is separable by Theorem 4.7. It is interesting to note that this M admits a
cubing of nonpositive curvature and pi1(M) is non-LERF [6], while S is a component of
the canonical surface in the cubing structure. This example thus gives further evidence
for the conjecture, referred to and partially proved in [1], that the canonical surface in a
cubed manifold is separable.
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